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Parameter Estimation Using Unscented Kalman
Filter on the Gray-Box Model for Dynamic
EEG System Modeling
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Abstract— Model parameters’ estimation is one of the most
important tasks in the analysis and design process of a nonlinear
dynamic system in real time, especially in the presence of noise.
This article presents a novel approach in estimating important
parameters of gray-box model for such a system on real nonlinear
EEG to simulate efficiently the dynamic characteristics of neurons. Specifically, the proposed methodology exploits unscented
Kalman filter (UKF) that is combined with chaos neural population model to formulate the interaction between the cortical
areas. The proposed methodology is compared with the state-ofthe-art parameters’ estimation techniques to verify the efficiency
of the UKF on the gray-box model. Experimental results show
that the proposed method demonstrates the lowest error value
of root mean square error (RMSE) among existing parameter
estimation methods. The robustness of the proposed approach
is further validated in its convergence and automation, with
minimum error relatively than others and without any userspecified input, respectively.
Index Terms— Electroencephalogram, gray-box model, nonlinear dynamic system, parameter estimation, unscented Kalman
filter (UKF).
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I. I NTRODUCTION

I

N A dynamic system, system states and parameters are
important for modeling, performance analysis, and prediction due to their decisive effect on the precision, stability,
and control of the system. Most dynamic systems involve
nonlinearity that does not satisfy the properties of superposition and homogeneity [1]. With those challenges, the state
estimation of such system that exhibits nonlinearity is more
complicated and difficult compared to a linear system [2].
Moreover, parameter values cannot be obtained, while the
system is deteriorating or changing over time, or cannot be
measured directly. In this case, parameters affect the control
and monitoring of a system. Therefore, parameter estimation
is an ongoing important research area on such a nonlinear dynamic system recently. Many various methods have
been investigated to estimate parameters [3] [4]. The wellknown parameter estimation methods are used, including the
maximum-likelihood estimators (MLEs), the Bayes estimators,
method of moments’ estimators (MMEs) [5], least squares
estimator (LSE) [6], nonlinear least squares (NLS) [7], and
minimum variance unbiased estimator (MVUE) [8].
In more detail, MLE is the estimation method that maximizes the likelihood function for parameters [9]. When applied
appropriately, it demonstrates excellent qualities for characteristics of consistency, normality, efficiency, sufficiency,
invariance, and so on [10]. However, the MLE method might
fail if the likelihood function is not well-defined or in the
case of data loss [11]. MLE is often nontrivial mathematically, particularly if confidence intervals are desired for the
parameters. In addition, the numerical estimation is usually
nontrivial [12]. In contrast, NLS minimizes the sum of squares
of differences between the empirical cumulative distribution
function (CDF) and the theoretical CDF [7]. The advantage
of NLS is that it can be applied to any distribution. However,
its major drawbacks lie in optimization and high dependence
on the initial values [13].
Another alternative approach for parameter values optimization in nonlinear dynamic systems, which is an extension of the
Kalman filter, also known as the extended Kalman filter (EKF),
is employed for parameter estimation [14]. Sun et al. [15],
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Bavdekara et al. [16], and Ebrahimian et al. [17] estimated a
state value and parameter using the EKF on their nonlinear
system for a biochemical networks model, a structural finite
element model, and a benchmark continuous fermenter model,
respectively. Moradkhani and Hsu [18] estimated the parameter and state value of a drainage facility model with the particle
filter (PF). Wang et al. [19] applied the Monte Carlo method
in order to use PF in a dynamic system to estimate states.
Kantas et al. [20] employed the PF to perform static parameter estimation in state-space models. Armando et al. [21]
proposed the cubature Kalman filter (CKF) to determine a
change in the state and parameters of the model during status
epilepticus. Liu and Gao [22] suggested using UKF in order
to observe states and estimate parameters in a neural mass
model (NMM). In summary, among nonlinear methods, UFK
is widely used as the best method for successfully estimating
the state and a specific parameter of the model [23].
The human brain, composed of numerous neurons, is one of
the most complex physiological systems. EEG measures the
electrical activity occurring due to biochemical interactions
between brain cells. Hence, the EEG has been used as the
most significant means for capturing changes in brain activity
and forecasting seizures in epilepsy studies [24]. However,
the EEG is easily affected by noise and artifacts, such as heartbeat, eye blinking, eye movements, and muscular movement
during measurements. Moreover, it has highly complex nonlinear characteristics that can cause statistical characteristics
to change over time, exhibiting temporal dependence [25].
Therefore, to analyze the EEG, nonlinear dynamic systems
have been employed [26]. In this article, we propose the
adoption of a UKF as the parameter estimation method of
a gray-box model, with the aim of modeling nonlinear EEG
dynamic systems. The proposed method employs a chaos
neural population model to structure the model of the nonlinear
EEG system. Consequently, the UKF is exploited to estimate
parameters of the model based on observed data. UKF does
not require linearization as nonlinear transformation using
the unscented transformation (UT). It estimates the optimal
value by repeatedly performing the updation process of an
error covariance, which removes the measurement noise of
the system [27] [28]. Our contributions are as follows.
1) Good Model Design: We introduce a gray-box model,
a dynamic system modeling method comprises a meanfield model modeling the dynamics of the brain activity
and an unscented Kalman filter estimating parameters.
2) Parameter Free: Our gray-box model can be executed
automatically without user intervention. It provides a
model’s parameter values minimizing the modeling error
rate.
3) Accuracy: Our model offers good accuracy with respect
to the root mean square error (RMSE) between the
observed and predicted data.
4) Scalability: The run time of the proposed method grows
linearly with the total input data. Our model can generate
a new signal that can describe the trends of the input
signal.
The rest of this article is organized as follows. Section
II presents the proposed parameter estimation method and

the chaos neural population model for the gray-box model.
Section III provides the experimental results obtained with the
proposed method. Section IV discusses existing methods and
compares them with the proposed method. Finally, the conclusions are drawn in Section V.
II. M ATERIALS AND M ETHODS
Parameter estimation algorithms are used to determine a
state or parameter value in a dynamic system. In this section,
a chaos neural population that describes a nonlinear EEG
dynamic system in a gray-box model is introduced, followed
by the UKF, which is applied for the parameter estimation of
the model.
A. Gray-Box Model
Dynamical modeling can be separated into three broad categories: white-box modeling, black-box modeling, and graybox modeling. White-box modeling is conducted by 1-D
principles of physical or chemical laws. Black-box modeling
determines the structure of a model based on the observed
data. Gray-box modeling is a mixture of white-box modeling
and black-box modeling. It works by determining the structure
of a system and estimates the parameters of the system
using observed data. The gray-box model has the advantage
of providing both physical knowledge to model the system
structure and data knowledge to identify the parameters in the
model. Thus, the gray box itself preserves the benefits of both
the white-box and black-box models [29].
1) Chaos Neural Population Model: Neurons make up the
structural and functional units of the nervous system. They
transfer and process information by exchanging neurotransmitters with other neurons. A neuron is composed of the neuron
body and the synapse. The neuron body is composed of a pair
comprising an excitatory cortical cell and inhibitory cortical
cell. In the case of excitatory neurons, neurotransmitters are
gathered and sent to connected neurons. However, inhibitory
neurons do not send the gathered currents to connected
neurons. A neural network is a mathematical model that
simplifies biological neural information transmission processes
[24], [30]. This is applied to solve problems, such as image
processing, voice recognition, and optimization. However,
neural networks meet the limitation of modeling by using only
particular neurons (i.e., only the excitatory neuron) with regard
to biological functions. To overcome this problem, the chaos
neural population model, which can describe complicated and
diverse dynamic characteristics of neurons, is proposed [31].
A brain is regarded as a chaotic dynamical system. The
generated EEG signals from this brain are also chaotic due
to the amplitude changes randomly with time. We adopt
the chaos neural population model based on the mean-field
model (MEM) for dynamic EEG system modeling. It is a wellknown nonlinear chaotic system that can exhibit the chaotic
behavior of EEG [32]. The chaos neural population model
comprises a group of excitatory and inhibitory neurons that
are connected through the synapse. Each group is composed
of two chaotic neurons and four synapses [31], [33]. The states
of two chaotic neurons in the chaos neural population model
are presented as ek (t), k = 1, . . . , Ne , for excitatory neurons
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Fig. 1. Chaos neural population model. (a) Two populations of neurons of
two types. (b) Simplified MEM.

[see the small circles in Fig. 1(a)] and i l (t), l = 1, . . . , Ni
for inhibitory neurons [see the small squares in Fig. 1(a)].
The activities of ek (t) and i l (t) in the neuronal population can
described, as shown in the following equations:
⎛
⎞
Ni
Ne


dek
1
1
= −ek + S ⎝
u kl el −
v kl i l − θke + pk ⎠
dt
Ne
Ni
⎛
di k
1
= −i k + S ⎝
dt
Ne

k=1

l=1

Ne


Ni


k=1

wkl el −

1
Ni

⎞

(1)

qkl i l − θki ⎠

(2)

l=1

where parameters u, v, w, and q are the strengths of the
connections between the populations. The neuronal population
models exhibit several types of interactions that involve selfand cross-interactions expressed by u kl , v kl , wkl , qkl . θke , and
θki are the firing thresholds and should be sufficiently large.
S(x) = (1 + exp(−x))−1 represents the sigmoid function of
nonlinear data [31].
In this article, we exploited the chaos neural population
model to simplify dynamic neuron populations as Fig. 1(b).
This model consists of a network of coupled neuronal populations that use one or two steady-state variables to indicate
the mean activity of the population. This so-called mean-field
mode to indicate the mean activity of each group is given by
the following equations:
 
Ne
1
ek (t)
(3)
E(t) =
Ne
k=1
 
Ni
1
i l (t).
(4)
I (t) =
Ni
l=1

Given a mean activities Er (t) and Ir (t) of each group at
location r and time t, this can be represented with follows:
Êr (t) = −Er (t) + S(c1 Er (t) − c2 Ir (t) − εe + )
Iˆr (t) = −Ir (t) + S(c3 Er (t) − c4 Ir (t) − εi )

(5)
(6)

where εe = θke /Ne , εi = θki /Ni , and  = pk /Ne .
The chaos neural population model is connected by four
interactions c1 , c2 , c3 , and c4 . These parameters express the
strength of connection with the interactions (all pairs do
not have a value of 0). The chaos neural population model
includes an external input value  of an excitatory neuron,
and thresholds εe and εi have large values. Êr (t) and Iˆr (t)
obtained by (5) and (6) are considered as the new activities
for the excitatory and inhibitory neurons at time t. The final
output of the model is given by the following equation [34]:
ẑ r (t) = Êr (t) − Iˆr (t).

(7)
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In this article, we employ the chaos neural population
model, which most similarly reproduces the electric potential
activity of a neuron on the gray-box model for nonlinear
EEG system modeling. To estimate the parameters of an EEG
model, such as the strength of self- and cross-interactions,
c1 , c2 , c3 , and c4 , threshold, εe and εi , and external input
value, , UKF is employed. In the gray-box model, the initial
parameter values are used in (5) and (6), ẑ r (t) is calculated
by (7), and ẑ r (t) is again used in (8) to compute the error
value between the observed data z r (t) and the predicted data
ẑ r (t) by the model
er (t) = z r (t) − ẑ r (t).

(8)

Our proposed method automatically updates the parameter
set to using UKF to minimize the values of (8), er (t).
Therefore, the gray-box model does not require any userintervention for the initial parameter setting.
2) Unscented Kalman Filter: The UKF using a UT is
suggested to solve the linearization problem of the EKF,
which applies the Jacobian transformation [15], [27]. UKF is
a technique that recursively estimates the states of a nonlinear
dynamic system. It uses UT that calculates the state variable
and covariance using generated sigma points and weights [35].
If the random variable x is n-dimensional, the sigma point
χi (i = 1, . . . , 2n + 1) with the number of 2n + 1 on time t
is calculated as shown in (9). The calculated sigma point χt
is applied on nonlinear model function f (χt ), and a random
variable x propagated through nonlinear transformation
χt0 = x t
χti = x t + ( (n + λ)Pt )i , i = 1, . . . , n
χti+n = x t − ( (n + λ)Pt )i , i = 1, . . . , n
x t = E[x]
Pt = E[(x − x)(x − x)T ]

(9)

where
√ n presents the number of dimensions of a state variable
x, ( (n + λ)Pt )i is the i th column of square root matrix
(lower triangular Cholesky factorization), E [·] is the expectation operator, and it generally requires taking expectations of
a nonlinear function of the prior state variable. In case of the
UKF, it assumes that x has initial mean and covariance. λ is
given by the following equation:
λ = α 2 (n + κ) − n

(10)

where α is a scalar parameter that calculates spreading of the
sigma point and always has a small value (10−3 ≤ α ≤ 1).
κ is usually set to 0 as it is the secondary scale parameter.
Sigma point 2n + 1 calculated in (9) is applied in nonlinear
function f as (11), which results in prediction of the mean
and covariance of x by (12) and (13)
Z i = f (χi ), i = 1, . . . , 2n
2n

(m)
z=
Wi Z i
Pi =

i=0
2n


Wi(c) (Z i − z)(Z i − z)T

i=0
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where weights Wi(m) and Wi(c) are constants that determine
the specific gravity of each sigma point when calculating the
mean and covariance, given in the following equation:
(m)

W0

W0(c)
Wi(m)

TABLE I
G RAY-B OX M ODEL U SING UKF

= λ/(n + λ)
= λ/(n + λ) + (1 − α 2 + β)
= Wi(c) = 1/2(n + λ)

(14)

where superscripts of m and c represent the mean and covariance, and β is a preliminary knowledge of the random variable
distribution. If a random variable has a Gaussian distribution,
the optimal value would be β = 2.
B. Parameter Estimation in a Gray-Box Model
Generally, dynamic systems are nonlinear, and in the case of
experimental data, measuring errors can arise. Therefore, it is
very important to know whether predicted data from the actual
system can be employed. In this article, we employ actual EEG
data in the gray-box model to implement parameter estimation
using UKF. The UKF is based on UT to recursively estimate
the system state. The following is the UKF procedure for
parameter estimation in the EEG dynamic system.
First, the state variable x 0 and the error covariance matrix
P0 are initialized as (15) and (16) for EEG dynamic system
x 0 = E[x 0 ]
P0 = E[(x 0 − x 0 )(x 0 − x 0 )].

(15)
(16)

Second, the weight is calculated as (14), and the sigma point
is calculated using state variable and covariance
χti−1 = [x t −1, x t −1 ±

(n + λ)Pt −1 ].

(17)

Third, sigma points of t − 1 calculated by (17) are propagated through the function F of (18). F is the nonlinear system
function that is already given by (5) and (6). The transformed
points are used to compute the mean and covariance of the
prediction value of x t as (19) and (20)
χti|t −1 = F(χti−1 )
x̂ t |t −1 =
Pt |t −1 =

2n

i=0
2n


(m) i
χt |t −1

Wi

(18)
(19)

Wi(c) (χti|t −1 − x̂ t |t −1)(χti|t −1 − x̂ t |t −1)T . (20)

i=0

Fourth, we propagate then the sigma points through the
measurement model function H . H is given by (7). With the
transformed observations by (21), their mean and covariance
(innovation covariance) are computed with (22) and (23)
Z ti |t −1 = H (χti|t −1)
ẑ t |t −1 =
Ptzz =

2n

i=0
2n


Wi(m) Z ti |t −1

(21)
(22)

observed value z t , and predicted measuring variable ẑ t are
used to update the state estimation variable and covariance
matrix using (26) and (27)
Ptx z =
K =

2n


(c)

Wi (χti|t −1 − x̂ t |t −1)(Z ti |t −1 − ẑ t |t −1)T

i=0
Ptx z (Ptzz )−1

(24)
(25)

x̂ t = x̂ t |t −1 + K t (z t − ẑ t |t −1 )

(26)

Pt = Pt |t −1 − K t (Ptzz )K tT

(27)

where Pt is the state error covariance. Wi(m) and Wi(c) are
weights calculated in (14). In the gray-box model for EEG
dynamic modeling, the optimum state is estimated by repeatedly updating the mean and error covariance. In this article,
we use the least squares method (LSM) to generate the data
that are most similar to observed data and estimate unknown
parameters of nonlinear model. LSM obtains minimized errors
between the observed and predicted data from a model [36].
For estimating the optimal parameter set, we measure the
error value between the predicted data by the model ẑ R and
observed data z R by (28). R means the iteration number for
the parameter estimation
e R = z R − ẑ R = z.

(28)

Here, we used the LSM to find the optimal parameter set to
minimize e R . Our method automatically finds the seven parameters: c1 , c2 , c3 , c4 , εe , εi , and , which needs the EEG nonlinear dynamic model by performing the LSM. In this article,
we set lower and upper bounds of model as −10 ≤ Q ≥ 10.
The gray-box model using UKF in order to the parameter estimation that is proposed in this article is expressed in Table I.

(c)

Wi (Z ti |t −1 − ẑ t |t −1)(Z ti |t −1 − ẑ t |t −1)T . (23)

i=0

Fifth, the cross covariance between x̂ t |t −1 and ẑ t |t −1 can
be obtained by (24), and it is used to calculate the Kalman
Gain from (25). Subsequently, the Kalman Gain K , actual

III. E XPERIMENTAL R ESULTS
A. Epilepsy Real Data Set
We used a data set of intracranial EEG (iEEG) taken from
sources of “https://www.ieeg.org/” and Kaggle platform [37].
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TABLE II
D ATA D ESCRIPTION

Fig. 2.

Description of preictal and interictal.

This data set was collected from dogs with naturally occurring epilepsy, recorded over a long duration, ranging for
multiple months to a year, with 16 electrodes employing
a sampling rate of 400 Hz. The electrode array consisting
of 16 electrodes included the top 1 ∼ 8 electrodes located on
the left hemisphere, whereas the remaining 9 ∼ 16 electrodes
were placed on the right hemisphere. Each data set contains
sequential interictal and preictal data segments. The interictal
data segments depict nonseizure activity recorded before or
after seizures, while preictal data were the data before the
seizure onset (see Fig. 2). In this article, preictal data segments
were organized into 10-min EEG clips, recorded from 1 h
prior to seizure to 5 min before seizure onset (i.e., from
1:05 to 0:05 before seizure onset). Similarly, interictal data
segments were chosen randomly as 10-min EEG clips from
the full data, with the restriction that they occurred at least
one week before or after any seizure. This length could be
predicted with sufficient warning to allow the administration
of fast-acting medications before the seizure onset [38]. This
iEEG data set was annotated and verified by experts in all
subclinical and clinical seizures, and it has been validated in
several studies [39], [40]. We used three canine iEEG data sets
(see Table II), which contained a sufficient number of seizures
and long-lasting interictal signals suitable for analysis [39].
B. Parameter and State Estimation
UKF adopted UT to improve the errors due to linearization
on the EKF. The UKF can estimate states without the linearization process using the UT. We proposed the adoption of the
UKF for parameter estimation on a gray-box model. Finding
optimal parameters is advantageous, as it creates data closest
to the observations. Fig. 3 shows three types of synthetic
and predicted data through the proposed method. Solid lines
in Fig. 3(a), (c), and (e) represent actual observed data,
while dotted lines indicate the data predicted by the estimated
parameters using the UKF. Consequently, the predicted data
from the proposed method is highly similar to the synthetic
data (see Fig. 3). Fig. 3(b), (d), and (f) shows state values
of each synthetic data, which are estimated in the process
performing UKF over time points. State values 1 and 2 reflect
as values of the excitatory neuron and the inhibitory neuron
in our gray-box model, respectively, and the initial state value
is set with noise.

Fig. 3. Comparison of synthetic and predicted data from a gray-box model
based on (a), (c), and (e) UKF and (b), (d), and (f) state values.

State variables contain information of the past or present,
which describes the characteristics and dynamic behavior of a
system. A dynamic system can express a model that includes
state variables. However, in the case of nonlinear systems, state
variables cannot be expressed using linear models because
of the complicated dynamic behavior of the system. State
variables and parameters that comprise a model should be
estimated simultaneously. Most nonlinear systems are not
directly measurable; thus, the probability distribution of initial
state variable x 0 assumes a normal distribution. However,
the probability distribution of a propagated state variable by
nonlinear models does not follow the normal distribution
[36]. Therefore, the probability distribution of state variables
cannot be briefly described by its mean and covariance. For
this reason, the nonlinear state estimation technique uses an
approximation method of the probability density function for
state variables. For example, a probability distribution is not
a normal distribution; however, it is converted into a normal
distribution using the approximation method, where the mean
and the covariance can be expressed.
In the case of the UKF, if the probability distribution follows
a normal distribution, the UKF obtains optimal results when
λ = 3 − L (L is state dimension). If λ is a negative number,
one or more elements can be negative in the covariance
calculation, and the probability distribution loses its property
of a normal distribution. Therefore, the UKF uses a square
root filter to solve the negative number problem of covariance
calculation [41]. Here, unknown state variables are estimated
during the process of parameter estimation by the UKF. Fig. 4
shows the probability distribution of estimated state variables
by the nonlinear model. The blue line indicates the estimated
state variable x 1 , and the red line indicates the estimated
state variable x 2 . Fig. 4(a) shows the probability distribution
of the estimated state variables, and x 1 and x 2 in Fig. 3(a)
are synthetic data. x 1 has a mean value of −0.0811 and
a covariance value of 0.0023. Moreover, x 2 has a mean
value of 0.1581 and a covariance value of 0.0087. Fig. 4(b)
and (c) shows a probability distribution of Fig. 3(c) and
(e). Resultantly, the probability distribution of the estimated
state variable in each data set indicates a normal distribution.
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TABLE III
E STIMATED PARAMETERS AND RMSE

Fig. 4.
Probability (m: mean and c: covariance). Synthetic (a) data1,
(b) data2, and (c) data3.

In particular, we confirmed that the UKF expresses the estimated state variable with a mean and a covariance through
approximation of the conditional probability density function
using the square root filter.
Table III lists optimal parameters acquired from synthetic
data [see Fig. 3(a), (c), and (e)]. These parameters are used to
minimize the error between observed and predicted data using
UKF in the gray-box model. Since UKF is very strong in a
nonlinear system, linearization is not needed and errors do not
occur. The UKF repeats updating the error covariance to estimate optimum parameter values [27]. In Table III, Data 1 [see
Fig. 3(a)] shows RMSE of 0.0096, while Data 2 [see Fig. 3(c)]
and Data 3 [see Fig. 3(e)] show the RMSE of 0.0101 and
0.0104, respectively. Therefore, our method employing the
UKF to estimate the optimal parameter produces data with
the least error compared with the actual observed data.
C. Robust Parameter Estimation Method
on Gray-Box Model
In this article, to prove the efficiency of the gray-box model,
which is a combination of the chaos neural population model
and the UKF, we compared the parameter estimation methods
generally used in a dynamic system. For the performance
evaluation, we used the EKF and PF for parameter estimation
in the gray-box model. The EKF is a nonlinear extension of
the Kalman filter, and PF is a simulation prediction technique,
which is a continuing Monte Carlo method. The latter method
can be used on the nonlinear system, similar to the UKF [42],
[43]. The particle number in PF for this experiment was set
equal to 500. In the filter design, computational efficiency
and estimation accuracy need to be considered. Thus, a large
number of particles are computationally ineffective and request
high memory [44]. Therefore, we selected the number of
particles through the experimental results that provided the
best performance among particle numbers, including 100, 300,
500, 700, 900, and 1000.
For the comparison of the similarity between the observed
and predicted data, we measured the RMSE. Fig. 5 shows the

randomly selected data from the actual EEG data obtained
from experiments conducted on dogs, predicted data obtained
by the popular parameter estimation methods, and the error
values between the real EEG and predicted data. In Fig. 5,
the blue line depicts the real EEG data, the red line denotes
the UKF, the green line is the EKF, and finally, the yellow
line represents the PF result. We confirm that the predicted
data using UKF is similar to the observed data to the naked
eye through observing Fig. 5(a) and (c). Moreover, they
obtained the lowest RMSE in comparison to the other parameter estimation methods. More detailed results are shown
in Fig. 5(b) and (d), which shows the error values between
the observed and predicted data obtained by each method.
The UKF in Fig. 5(a) and (d) has an error value close to 0.
In the case of the EKF, Fig. 5(a) and (c) seems very similar to
the actual observed data; however, through Fig. 5(b) and (d),
it can be observed that they have a larger error compared
with the UKF. In addition, PF has a high error rate in several
areas. Thus, when the UKF is used on the gray-box model to
estimate parameters, it predicts data that are most similar to
the observations.
We observed that PF could not produce accurate data in
comparison to the EKF and UKF, as shown in Fig. 5. PF can be
used on a system with nonlinearity, and it is resistant to noise.
Nevertheless, it is highly dependent on the number of particles
and requires a long computation time [45]. PF has emerged as
the most successful algorithm for nonlinear state-space models
[20], but the performance in the gray-box model using the
chaos neural population model to structure a nonlinear EEG
system dramatically decreased. Therefore, we used the EKF,
which exhibits better efficiency than PF in our experiments.
Namely, we compared the proposed method and EKF with significantly more data to verify that our method is more adequate
for optimal parameter estimation in the gray-box model. Fig. 6
shows the predicted data obtained using the proposed method
and the EKF from EEG data using dogs. Fig. 6(a), (c), and
(e) is a part of Dog 1, Dog 2, and Dog 3 signals measured in
preictal areas, while Fig. 6(b), (d), and (f) is the dog signals
measured from interictal areas. We used the EKF and UKF
on these data to estimate the parameters. In Fig. 6, the actual
observed data are the blue line, the UKF is the red line, and
the EKF is the green line.
In the case of data generated using the UKF to estimate
parameters, results were very similar to the signal in reality.
In contrast, in the case of the EKF, there was also similarity
to the observed signals. However, the range of error was
wider than that of the UKF. Fig. 6(e) shows that both the
EKF and UKF methods are very similar to real observed
data. The EKF estimates states and parameters by employing
primary linearization on a nonlinear system. This is the reason
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Fig. 5. Comparison of proposed method and popular parameter estimation method. (a) and (c) Results of predicted data by proposed method, EKF, and PK
parameter estimation method. (b) and (d) Error values (y-axis) at each time point (x-axis).

linearization, as the Jacobian calculation is unnecessary, and it
can converge quickly at the optimized parameters [27], [28].
Consequentially, UKF shows the ability to rapidly estimate
optimal parameters in the nonlinear EEG data set, as shown
the Table IV, when it is applied on the nonlinear dynamic
model.
D. Scalability

Fig. 6. Comparison UKF. Result of (a) and (b) dog 1, (c) and (d) dog 2,
and (e) and (f) dog 3.

the EKF is efficiently applied in several fields. However,
Fig. 6(a)–(d) and (f) shows, if the data are nonlinear and contain significant noise, the EKF has a high tendency to generate
greater error percentages between the observed data and the
data from the model obtained by linearization, compared with
the UKF.
To verify the rate of convergence, we measured and tabulated the convergence time and iteration number of convergence of EKF and UKF, as shown in Table IV. As a result, our
method using UKF is converging at faster speed than EKF in
all data sets. Moreover, the iteration number for convergence
appears lower in our method than in EKF. The EKF uses
the Jacobian to linearize the nonlinear dynamic system and
the nonlinear measurement model. Therefore, EKF has some
problems that damage the stability of the filter because the
incurred by linearization is large and provides a highly inexact
prediction about the state of the system. Furthermore, the linearization using a Jacobian requires considerable time and
computational ability [15]. In contrast, the UKF is a nonlinear
filter using UT. Therefore, it reduces the error incurred by

To verify scalability of the proposed method, we measured
the CPU run-time required to estimate optimum parameters
that minimize the error rate between the observed and predicted data. We measured the CPU run time according to
data length by increasing the length of input data by 10 000
(25 s) and set the maximum repeating number for optimizing
parameter to 500. To measure the CPU run time according
to the length of data, we used MATLAB (version R2014a)
in a Windows Server 2008-64-bit environment. Moreover,
the detailed experiment environment is as follows: CPU is
Intel Xeon E7450 @ 2.40 GHz, and RAM is 128 GB.
Table V shows the CPU run-time required to estimate optimum
parameters using the EKF and UKF in the data each for
interictal and preictal data from three dogs. Consequently,
depending on the increasing size of the observed data, the run
time for estimating optimal parameters gradually increased for
both the EKF and UKF. These results equally appeared in all
dogs data sets. In a more detailed comparison of the UKF and
EKF with both interictal and preictal data, the UKF yielded the
lowest run time despite its similarities with EKF complexity
O(n 3 ) [46]. That is, our method using UKF quickly converges
on the parameter estimation than EKF.
The method employed to estimate optimal parameters using
the UKF on a gray-box model is faster than the EKF.
In addition, in interictal data, the execution time for optimizing
parameters was on average slower than the time required
for preictal data. Hence, the execution time of preictal data
for optimizing parameters was faster than time required for
interictal data ranging from 0.3 to 2 times faster. This is
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TABLE IV
I TERATION N UMBER OF C ONVERGENCE AND C ONVERGENCE T IME O BTAINED BY PARAMETER E STIMATION IN T EN RUNS

TABLE V
C OMPARISON OF E XECUTION T IME FOR O PTIMIZING PARAMETERS ON R EAL EEG D ATA OF D OGS (U NIT: s)

because using the UKF to estimate parameters is suitable for
complicated properties or nonlinear data with significant noise
[28], [35]. Based on these results, we can identify that our
proposed method, employing the UKF, is scalable in terms
of execution time. Accordingly, our method can be applied
in various domains, such as modeling, data analysis, and
prediction of the real nonlinear dynamic system.
Fig. 7 shows the RMSE between the observed and predicted
data by the proposed model on the data from three dogs, based
on data size (as Table V). Fig. 7(a) illustrates a measuring
result of data set Dog 1, and when the EKF was applied,
it showed a higher error rate compared with the UKF. Hence,
when the UKF was applied, it showed an average error rate
of 0.01, while the average EKF error rate is 0.03. The Dog
2 data set is shown in Fig. 7(b). When the UKF was applied,
a result similar to that of Dog 1 was obtained. With the
EKF, interictal data produced less error the than preictal
data. Fig. 7(c) depicts data set Dog 3, and when UKF was
applied, an average error rate of 0.01 was achieved in both
the interictal and preictal data. However, when the EKF was
applied on interictal and preictal data, average error rates
of 0.02 and 0.09 are obtained, respectively. Thus, instead
of employing the EKF method to determine the optimized
parameters, employing the UKF, which optimizes parameters
by UT, is more suitable.
IV. D ISCUSSION
In general, the models of neural activity can be divided into
NMMs and neural-field models (NFMs) [47]. These models
have been used as nonlinear models that express synaptic and
neural populations that constitute brain active networks [48].
NMMs are a simple approach for modeling the activity of
large populations of neurons and synapses since the 1970s.

Fig. 7.
Dog 3.

RMSE size. (a) Data set Dog 1. (b) Data set Dog 2. (c) Data set

It formulates a set of ordinary differential equations describing the states of neural populations and simulates the state
dynamics of the system describing the overall connectivity
between populations of a given cortical area. NMMs are
especially useful in understanding the brain signal produced
by electrical activity within the brain, such as the EEG and
magnetoencephalogram (MEG). However, they can be only
applicable for data that reflect the average behavior of neuronal
populations. In addition, the dynamics of NMMs in response
to a rapid change in the input does not correctly reproduce a
microscopic simulation of the population of neurons [49].
NFMs can describe the spatiotemporal evolution and represent a MEMs [50]. In this article, we used the MEM to
explain the model. The MFMs not only are widely used in
statistical physics but also are carried out in computationally
or analytically unmangeable problems because of its effectiveness. MFMs are based on stochastic differential equations
that include random fluctuations and consider the Gaussian
approximation to the population. These models describe the
dynamical behavior of the network and allow the explicit
simulation of neuronal and cortical activity and behavior (e.g.,
performance and reaction time) [48]. MFMs trace the activity of an excitatory population and an inhibitory population
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and estimate the mean and variance of population activity,
in contrast to NMMs that consider only the mean activity
of neuronal populations [51]. These MFMs has been applied
in various areas, including statistical physics [52], queueing
theory [53], and game theory [54]. Therefore, MFMs for
nonlinear dynamic models are appropriate to the data that
reflect the behavior of a population of neurons, such as EEG.
Consequently, we adopted MEMs for modeling the nonlinear
EEG system.
For modeling the nonlinear EEG dynamic system, we need
a nonlinear model, which reflects brain activity, and a method,
which estimates the unknown parameters of a model. In this
article, we used flexible MFMs than NMMs and UKF that
were widely used for parameter estimation on the gray-box
modeling for dynamic EEG system. Nonlinear models usually
contain many unknown parameters, and parameter estimation
problems on these nonlinear systems can often be solved
by choosing a model and then iteratively improving it until
good estimated values are obtained. Parameter estimation is an
important step and acts as a descriptive measure of an entire
population of MFMs.
EKF, PF, and UKF were used as the typical method for
parameter estimation on nonlinear models. However, EKF is
very complicated to implement, and it is limited to linear
systems on time scaling during update period [35]. In addition,
the EKF for parameter estimation provides primary approximation on optimum nonlinear estimation through linearization of nonlinear systems. This approximation can contain
large errors when obtaining posterior mean and covariance
of the changed Gaussian random variable [55]. Since PF uses
probability to estimate the next state and performs the calculation in proportion to the number of particles, the particle
number affects the performance and simulation time. PF can
be applied to nonlinear or non-Gaussian systems without
restrictive conditions. However, this method has the drawback
that it augments computational complexity in proportion to the
number of particles.
In this article, we compared the result with existing methods, EKF and PF, and the proposed method used UKF on
gray-box model. As a conclusion, with respect to the comparison with UKF, EKF required the high run-time because of
linearization by the Jacobian Transformation. In the case of
the PF, it needs a number of particles for good performance,
thus leading to long execution time. In this article, we used
500 as the particle number according to experimental results.
Nevertheless, PF on gray-box model shows the high rms error
rates than using EKF and UKF. UKF estimates parameter
values using the observed data from nonlinear dynamic systems, then the estimated parameter values are then applied
to the mathematical equation, and finally, new data were
generated. We calculated the RMSE between the observed
and predicted data that are generated by the gray-box model.
As a result, the proposed method using the UKF showed faster
convergence speed and excellent estimation performance.
The gray-box model has been applied in various domains,
such as indoor temperature prediction [56], transformer winding phenomena analysis [57], computer systems performance
prediction [58], electrical power consumption-to-temperature
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identification [59], cardiovascular disease prediction [60], and
predictive analytics of the smart manufacturing field [61].
Setting initial values for parameters is not only a challenging
problem but also very important step of parameter estimation
of gray-box model. Since the final parameter estimation can
change depending on the initial value setting, this matter
should be treated carefully. The improper initial value of parameters may cause convergence to a local optimum, or it may
delay convergence. Therefore, significant research has been
performed to solve the initial problem arising from parameter
estimation processes. However, these problems require user
intervention, as well as complex formula calculations, and
numerous throughputs. The UKF is widely known as a method
to assure a global optimum in the parameter estimation. The
method proposed in this article does not require any user
intervention for the initial parameter value setting, as we
estimate all parameter values on a gray-box model using
the UKF. This method guaranteed rapid convergence, and it
provided optimal results.
V. C ONCLUSION
Most real dynamic systems are nonlinear. For the monitoring of nonlinear systems, such as the EEG, precise mathematical equations are based on real system requirements.
In order to improve the performance of a system, it is crucial
to determine the exact parameter values in equations system.
In this article, the chaos neural population model was used
in a gray-box model to model a nonlinear EEG dynamic
system. This simplified neural information processing and
the UKF were proposed to estimate the model parameters.
The proposed method estimated optimal unknown parameters
of EEG dynamic model and demonstrated outstanding performance compared to other methods. Furthermore, it was
possible to estimate the parameter value fitting in the EEG
dynamic system despite the initial parameter values being
unknown. Therefore, our method is not affected by the initial
value problem of parameters that occur frequently in dynamic
systems. The benefit of the proposed method can estimate
unknown parameters in the model with only observed data.
This leads to not only eliminate the difficulties of decomposing
the system to obtain the parameter values but also gain a more
accurate dynamic system. In future work, we forward aim to
extend our method for future value prediction in the nonlinear
EEG dynamic system.
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