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In this paper, we devise a novel method that incrementally learns pseudo-data, which represent
the whole training data set for Gaussian Process (GP) regression. The method involves sparse
approximation of the GP by extending the work of Snelson and Ghahramani. We call the
proposed method Incremental Sparse Pseudo-input Gaussian Process (ISPGP) regression.
Unlike the Snelson and Ghahramani's work, the proposed ISPGP algorithm allows for training
from either a huge amount of training data by scanning through it only once or an online
incremental training data set. We also design a likelihood weighting scheme to incrementally
determine pseudo-data while maintaining the representational power. Due to the nature of the
incremental learning algorithm, the proposed ISPGP algorithm can theoretically work with
in¯nite data to which the conventional GP or Sparse Pseudo-input Gaussian Process (SPGP)
algorithm is not applicable. From our experimental results on the KIN40K data set, we can see
that the proposed ISPGP algorithm is comparable to the conventional GP algorithm using the
same number of training data. It also signi¯cantly reduces the computational cost and memory
requirement in regression and is scalable to a large training data set without signi¯cant performance degradation. Although the proposed ISPGP algorithm performs slightly worse than
Snelson and Ghahramani's SPGP algorithm, the level of performance degradation is acceptable.
Keywords : Gaussian process regression; incremental learning; pseudo-data.

1. Introduction
A Gaussian Process (GP) is a Bayesian approach for the task of regression or classi¯cation under the assumption that any ¯nite linear combination of training samples will be normally distributed. The GP associates a random variable to each input
¶ Corresponding

author.
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and for any set of inputs the associated random variables are jointly Gaussian. It
thus involves random functions characterized by mean and kernel functions. The
kernel provides the covariance: each pair of random variables at input points x and x 0
has a covariance Kðx; x 0 Þ. Training in GP thus requires the manipulation of the
covariance matrix with the whole training set, and the computational complexity is
cubic due to the inversion of the covariance matrix. This unfavorable complexity
prevents GP from being applied to a large number of data points.
Hence, the development of a method for scaling down the computational complexity of GP is of great importance in machine learning. Many research groups have
devoted their e®orts to this problem and proposed methods of sparse approximation to
the full GP method largely by selecting a subset of training data.2,5,1316 Snelson and
Ghahramani proposed an elegant method of approximating GP regression with virtual
data which they called `pseudo-inputs'.15,16 Their approximation method aims to reduce the computational burden caused by matrix operations like inversion and diagonalization with a representative subset of training data found by continuous
optimization. In this manner, their method reduces the computational complexity
from OðN 3 Þ to OðM 2 NÞ, where N is the total number of training data and M < N for
the number of representative samples.15 Furthermore the memory requirement is
OðMNÞ, which is also much smaller than the OðN 2 Þ of the standard GP method.
The sparse approximation techniques described in the literature, however, are
mainly focused on the batch training of GP and there are few methods which can
handle sequentially arriving training data. In this paper, we propose a new method
called the Incremental Sparse Pseudo-input Gaussian Processes (ISPGP), which
extends Snelson and Ghahramani's method15 of representing data via sparse pseudoinputs to an incremental learning method for the application to a large data set. The
proposed ISPGP algorithm can theoretically accommodate an in¯nite number of
data points and learn incrementally, thus improving the predictive performance with
a small memory requirement and a low computational cost. It can also realize high
prediction accuracy for a large data set to which the conventional GP and SPGP
algorithms can not be applicable. Based on the nature of incremental learning
methods, the proposed ISPGP algorithm is time-e±cient in the sense that there is no
need for full retraining as new data points arrive.
The main contribution of the paper is two-fold. First, we propose an incremental
learning method for approximation in GP regression, i.e., ISPGP, based on Snelson
and Ghahramani's SPGP algorithm.15 The proposed ISPGP algorithm represents all
the previous training data with a reduced amount of pseudo-data and then co-trains
the pseudo-data with the newly arriving data. Second, we develop a likelihood
weighting scheme to update the pseudo-data, which represents a large amount of real
training data, by assigning di®erent weights to the pseudo-data and the new data
during optimization of the likelihood.
The rest of the paper is organized as follows. The previous work on Gaussian
process is reviewed in Sec. 2. In Sec. 3, we brie°y explain the general concept of SPGP
1250019-2

ISPGP Regression

algorithm.15 In Sec. 4, we describe the proposed ISPGP and experimental results is
followed in Sec. 5. We wrap this paper in Sec. 6 with conclusions and directions for
future work.
2. Previous Work
Because the GPs are nonparametric and prediction is based on all training data, it is
inevitable that full retraining will be performed each time new data arrive. Much of
the work done over the past two decades has attempted to address the computational
problem, by developing e±cient sparse approximations to the full GP. Refer to
Quiñonero-Candela and Rasmussen's work9 for a unifying view and analysis of sparse
approximations of GP regression. The most obvious and simple technique to reduce
the computational cost in training is to ignore the large number (N) of training data
points and to make predictions based only on a subset of training data (M). We call
this technique Subset of Data (SD). For highly redundant data sets, where extra data
points provide very little or no extra information about the regression function, there
is no point in wasting computation on a sophisticated sparse approximation that
achieves little performance gain.
When using the SD technique, there are di®erent schemes for selecting M subset
data points from the N total training points. The simplest scheme is random
selection. More sophisticated schemes can be used based on various information
criteria which score how much one learns about the regression function by including
a point in the subset. For instance, Lawrence et al. proposed an informative vector
machine using di®erential entropy scores for subset selection.5 Seeger et al. developed
a method of selecting patterns for sparse greedy approximation of Bayesian GP
regression (Ref. 12) and demonstrated that their method was as fast as random
selection and outperformed it.13 Srinivasan and Duraiswami used an information
theoretic measures for sampling the data and proposed a Renyi entropy-based subset
selection algorithm.17
As stated in the work of Snelson and Ghahramani,15 the common problem in these
methods is that they do not have a robust method of learning the optimal kernel
hyperparameters, due to pattern selection. Selecting patterns from the training data
set does not guarantee convergence to a smooth solution in regression, because of the
nonsmooth °uctuations in the marginal likelihood and its gradient. Focusing on the
speed of optimal active pattern selections weakens the power of GP regression,
resulting in low quality solutions.
Recently, Snelson and Ghahramani proposed a new method of sparse representation called the Sparse Pseudo-input Gaussian Processes (SPGP)15 to circumvent
this problem. They parameterized the covariance with M pseudo-data points, which
are not constrained to be selected from the real training data points. They assume
that M < N, where N is the number of training data points, and hence they obtain
a sparse regression method which has OðM 2 NÞ computational cost in training
and OðM 2 Þ in prediction per test case. The pseudo-data or active set points and
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hyperparameters can be found in a single smooth joint optimization. The SPGP can
be viewed as a Bayesian regression model with noises dependent on inputs. Experimental results in Ref. 15 showed that the SPGP method could match the full GP
performance with a small number of pseudo-inputs, i.e., a very sparse solution, and it
signi¯cantly outperformed other sparse approaches.
Although there are lots of subset selection methods for GP regression, these
methods cannot be applied when the data set is large, i.e., it cannot be entirely stored
in memory, or the training data are presented sequentially. In order to address
this problem, Csato and Opper proposed a sparse GP method which could process
data sequentially and was particularly designed to approximate non-Gaussian likelihoods.3 The method is also based on a subset of data points, and so it is naturally
related to the ones we have discussed above. Their method processes one data point
at a time and consists of a Gaussian projection to deal with the non-Gaussianity
of the likelihood, and a projection onto a sparse model to limit computation.
Ranganathan et al. proposed a new GP inference algorithm, called the Online Sparse
Matrix Gaussian Processes (OSMGP), and demonstrated its advantages with vision
applications.10 The OSMGP method is based on the observation that for kernels with
local support, a Gram matrix is typically sparse. Maintaining and updating the
sparse Cholesky factor of a Gram matrix can be e±ciently achieved using Givens
rotations. This leads to an exact, online algorithm for which the updating time scales
linearly with the size of the Gram matrix. Nguyen-Tuong et al. presented a local GP
regression model for real-time online model learning and control.8 They partitioned
the training data into local regions and an individual GP is trained for each partition.
The prediction at an input point is performed by nearby local models. Zhao et al. also
utilized the locality of the sample points and proposed a local mixture GP experts
systems in which di®erent local GP experts in terms of both temporal and spatial
information dominate a mapping behavior with the speci¯c covariance function
adapting to a local region (Ref. 19).
3. Sparse Gaussian Process Using Pseudo-Inputs (SPGP)
In this section, we provide a concise summary of the Sparse Gaussian Process using
Pseudo-inputs (SPGP) for regression. We have to note that most of the notations
and explanations are based on Snelson and Ghahramani's work15 and for more
detailed reviews on the conventional GP the reader should see Refs. 1, 4, 7 and 11.
The major notations used in the following sections are described in Table 1.
The mean and variance of the predictive distribution in the conventional GP can
be considered as a function of a new input, hyperparameters, and N training input
and target pairs, X and y. In order to derive a sparse approximation, Snelson and
Ghahramani proposed a method in which the predictive mean and variance are
parameterized by a pseudo-data set, which consists of pseudo-targets f ¼ ffm g M
m¼1
 ¼ f
and pseudo-inputs X
xmg M
m¼1 of size M, instead of all N real training data
points,15 where M < N. The pseudo-targets f are not constrained to be a subset of
1250019-4
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Table 1.

Description of the notations used in the paper.

Notation

Description

Notation

Description

D
N
y
y
f
f
½KN nn 0
½KNM nm
½kx m

Data dimension
Number of input data
Training target
Predicted target
Pseudo-target
Latent function
Kðxn ; xn 0 Þ
Kðxn ; x
mÞ
Kð
x m ; xÞ

D
M
x
x
x

Kð; Þ
½KM mm 0
½kx n

Data set
Number of pseudo-data
Training input
Test input
Pseudo-input
Covariance kernel function
Kð
xm; x
m0 Þ
Kðxn ; xÞ

the real observations in the training data set, but are distributed in a very similar
manner to the real data, and this is why Snelson and Gharamani denoted the pseudo .15 Thus we do not need to consider the noise variance for
targets by f instead of y
those ones. Assuming the pseudo-data are known, the likelihood of a single data
point is computed as follows
T
1
2

 f Þ ¼ Nðyjk TX K 1
pðyjx; X;
M f ; Kxx  k x K M kx þ  Þ;

ð1Þ

where ½kM mm 0 ¼ Kð
xm; x
 m 0 Þ, ½kx m ¼ Kð
x m ; xÞ, for m ¼ 1; . . . ; M. Since the target
values are generated i.i.d., the likelihood for the full training data set is computed as
follows
 f Þ ¼
pðyjX; X;

N
Y

 f Þ
pðyn jxn ; X;

n¼1
2

¼ NðyjKNM K 1
M f ; ¤ þ  IÞ;

ð2Þ

where ¤ ¼ diagð¸Þ; ¸n ¼ Knn  k Tn K 1
 m Þ.
M kn ; and ½KNM nm ¼ Kðxn ; x
The optimal pseudo-inputs which represent the real data are obtained by maxi and f . Here it is assumed that
mizing the likelihood given in Eq. (2) with respect to X
the pseudo-inputs have a similar distribution to the real training data set, so it is
 ¼ Nðf j0; KM Þ
possible to place a Gaussian prior over the pseudo-targets like pðf jXÞ
and to integrate those pseudo-targets in Eq. (2). Using the Bayes rule, we can
compute the posterior distribution over pseudo-targets f as follows
1
2 1
 ¼ Nðf jKM Q 1
pðf jD; XÞ
M KMN ð¤ þ  IÞ y; KM Q M KM Þ;

ð3Þ

where QM ¼ KM þ KMN ð¤ þ  2 IÞ 1 KNM . The predictive distribution over a new
input x is then obtained by integrating the likelihood in Eq. (1) with the posterior in
Eq. (3)
Z
 ¼
 f Þpðf jD; XÞd
 f
pðy jx ; D; XÞ
pðy jx ; X;
2

¼ Nðy j ;  Þ;
1
2
T
1
1
2 1
2
where  ¼ k T
 Q M KMN ð¤ þ  IÞ y and   ¼ K  k  ðK M  Q M Þk þ  .
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The computational cost in training is OðM 2 NÞ and is dominated by the matrix
multiplication for the calculation of QM , where inversion of the diagonal matrix
¤ þ  2 I is trivial. By computing the necessary values in advance, the prediction cost
for the mean and the variance per test case is OðMÞ and OðM 2 Þ, respectively.
In order to ¯nd the pseudo-inputs from the training data set, we maximize the
marginal likelihood, which can be computed by integrating out the pseudo-targets
 and hyperfrom the full data likelihood, with respect to both pseudo-inputs X
2
parameters £ ¼ f;  g
Z

 f Þpðf jXÞ

pðyjX; X; £Þ ¼
pðyjX; X;
1

¼ Nðyj0; KNM KM KMN þ ¤ þ  2 IÞdf :

ð5Þ

In SPGP, we can best utilize the limited resources of M pseudo-data points by
allowing them to vary °exibly and continuously away from the real training data
points. Thus the pseudo-data set, pseudo-inputs and pseudo-targets, can provide a
better representation of all the training data and a better solution than other subsetbased methods. Contrary to other subset selection techniques in which subset
selection and gradient-based hyperparameter learning are interleaved, the hyperparameters and pseudo-inputs in SPGP can be optimized smoothly.
4. Proposed Incremental Learning Algorithm in SPGP
When the total amount of training data is too large, it can become computationally
infeasible to apply standard GP or SPGP regression methods to the data set. In this
section, we propose a new method for handling a huge amount of training data in
regression by extending Snelson and Ghahramani's method.15 Instead of considering
the whole training data set all at once, we can divide the data set into multiple smallsized sets, which can be either a single data point or any portion of the whole training
data set. Then we can consider each of the small-sized sets arrives sequentially, i.e., one
data set after another. Hereafter, we call the newly arrived data incremental data.
In our framework, we ¯rst apply the SPGP algorithm15 to our initial data, which
can be the ¯rst training data set given to us in an online system or the ¯rst smallsized data set among a huge training data set in a batch system. As the next incremental data arrive, we combine them with the pseudo-data derived from the
previous training round and then apply the proposed novel incremental learning
algorithm, which we call the ISPGP.
Suppose that in a certain training round we have L pseudo-data points obtained
from the previous training round and we want to set M new pseudo-data points to be
optimized in this round with new data points. We can obtain the single-point likelihood of new data points fx ; y g which are parameterized by the M new pseudodata points as follows
T
1
2

 f Þ ¼ Nðy jk Tx  K 1
pðy jx ; X;
M f ; K  k x
  K M kx
  þ  Þ;
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where ½KM mm 0 ¼ Kð
xm; x
 m 0 Þ and ½kx m ¼ Kð
x m ; x Þ for m ¼ 1; 2; . . . ; M. The
mean of the pseudo-target is used for the prediction of y . We can also compute the
single-point likelihood of the old pseudo-data fxo ; yo g parameterized by the M new
pseudo-data points:
T
1
2

 f Þ ¼ Nðyo jk Tx o K 1
pðyo jxo ; X;
 o þ  Þ;
M f ; Koo  k x
 o K M kx

ð7Þ

where ½KM mm 0 ¼ Kð
xm; x
 m 0 Þ and ½kx o m ¼ Kð
x m ; xo Þ for m ¼ 1; 2; . . . ; M. In
 and x
Eqs. (6) and (7), X
 denote the new pseudo-inputs and f represents the new
pseudo-targets to be optimized in a training round. Since the incremental data and
the old pseudo-data are generated i.i.d. we can deduce a formulation of the likelihood
for the full data set fy; Xg, i.e., L old pseudo-data points and Q incremental data
points:
 f Þ ¼
pðyjX; X;

Q
Y

 f Þ
pðyq jxq ; X;

q¼1

¼

Q
Y

L
Y

 f Þ
pðyl jxl ; X;

l¼1
T
1
2

Nðyq jk Tx q K 1
q þ  Þ
M f ; Kqq  k x
 q K M kx

q¼1



L
Y

T
1
2

Nðyl jk Tx l K 1
l þ  Þ
M f ; Kll  k x
 l K M kx

l¼1
1 
2
2

¼ NðyQ jKQM K 1
M f ; ¤Q þ  IÞNðyL jKLM K M f ; ðLÞ þ  IÞ;

 m Þ, m 2 f1; 2; . . . ;
where ¤Q ¼ diagð¸q Þ, q ¼ Kqq  k Tx q K 1
 q , ½kQM qm ¼ Kðxq ; x
M kx
T
1
Mg, and ¤L ¼ diagð¸l Þ, l ¼ Kll  k x l K M kx l , ½kLM lm ¼ Kðxl ; x
 m Þ, l 2 f1; 2; . . . ; Lg.
We can further integrate the new pseudo-targets f by applying a Gaussian prior
on the new pseudo-targets
 ¼ Nðf j0; KM Þ:
pðf jXÞ

ð8Þ

Here we should note that in some sense, the pseudo-data may not exist in the real
universe. The prior of Eq. (8) constraints, however, the pseudo-data to be distributed
in a very similar manner to the real ones. So it is reasonable to use the pseudo-data
for training and prediction. The marginal likelihood of the combined data fy; Xg, i.e.,
the old pseudo-data points and the incremental data points, is computed as follows
Z

 f Þpðf jXÞd
 f
pðyjX; X; £Þ ¼
pðyjX; X;
Z
¼

 f
NðyQ jQ ; Q ÞNðyL jL ; L Þpðf jXÞd

¼ NðyQ j0; QQ ÞNðyL j0; LL Þ;

ð9Þ

1 
2
2

where Q ¼ KQM K1
M f , Q ¼ ¤Q þ  I, L ¼ KLM K M f , L ¼ ¤L þ  I, QQ ¼
1
1
2
2
KQM K M KMQ þ ¤Q þ  I, and LL ¼ KLM K M KML þ ¤L þ  I. We can see that
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the mathematical form of the marginal likelihood is exactly the same as that of the real
training data in Snelson's SPGP model except that a Gaussian distribution over N
real data points is substituted with the multiplication of two independent Gaussian
distributions over L old pseudo-data points and Q incremental data points.
Since the old pseudo-data set is a sparse representation of all the previous training
data points, it is relatively more informative than a new small incremental data set.
Based on this fact, we apply di®erent weights for the likelihoods of the pseudo-data
and the incremental data. We scale up the contribution of the pseudo-data set in
incremental learning by taking its likelihood to the power of w. So the weighted
marginal likelihood of the combined data is formulated as
2
 £Þ ¼ NðyQ j0; KQM K 1
pðyjX; X;
M KMQ þ ¤Q þ  IÞ

w
2
NðyL j0; KLM K 1
M KML þ ¤L þ  IÞ :

ð10Þ

Equation (10) can be represented in a simpli¯ed form as follows
 £Þ ¼ pðyjX; X;
 £Þ
pðX;
¼ p p wo ;

ð11Þ

where p and po denote the likelihood of the incremental data and the old pseudoinputs, respectively. In our experiments, we apply two weighting schemes for the
likelihood of the old pseudo-data by setting w ¼ 1, which means equally weighting
both likelihoods, and w ¼ NNCI , which is the ratio of the number of training data points
NC used to derive the current pseudo-data points and the number of incremental
data points NI .
 and hyperparameters £. In order
It is parameterized by M new pseudo-inputs X
to ¯nd the pseudo-inputs from the incremental data points and the old pseudo and £.
inputs, we maximize the log marginal likelihood of Eq. (10) with respect to X
We perform the optimization by taking the derivative of the log marginal likelihood
with respect to a variable x as given by
@ logðpÞ @ logðp Þ
@ logðpo Þ
¼
þw
:



@X
@X
@X

ð12Þ

Since p and po have the same form as the marginal likelihood in SPGP, their
derivatives are also in the same form. This method can be applied to any covariance
function that is di®erentiable with respect to the input points. Once we obtain M
optimal new pseudo-inputs and hyperparameters by gradient ascent, the predictions
for new inputs can be performed by Eq. (4).
A complete algorithm for learning in the proposed ISPGP is given in Fig. 1. The
role of pseudo-data in each ISPGP training round can be two-fold. It can be used for
prediction of new inputs and for further incremental learning without any increase in
the computational burden.

1250019-8
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Fig. 1.

A pseudo learning algorithm for the proposed ISPGP method.

5. Experimental Results and Analysis
In this section, we ¯rst simulate and compare the predictive distribution of SPGP
and the proposed ISPGP algorithms with a one-dimensional data set, and then
evaluate the performance of the proposed ISPGP algorithm on a real data set
comparing with that of the conventional GP and SPGP methods.
We built our system with MATLAB 2009b on a 2.8 GHz PC. We use the squared
exponential covariance function11 with Automatic Relevance Determination (ARD).6
For maximization of the marginal likelihood of Eqs. (5), (9), and (10) in Algorithm 1,
the optimization code by Rasmussena,11 was used for our experiments.
5.1. Simulation on a 1D example
Figure 2 presents simulations of the SPGP and the proposed ISPGP algorithms. We
used the same number of pseudo-data points in both algorithms and randomly placed
the initial pseudo-inputs ¯xing the hyperparameters to their true values for this
demonstration. In the ¯gure, the black `þ's (bottom) represent the updated values
of the pseudo-inputs. Figure 2(a) shows the predicted values using 10 pseudodata points after two rounds of the incremental learning with 200 data points,
100 data points per round. Figure 2(b) represents the batch training of SPGP for 200
data points using 10 pseudo-data points. We can see that prediction of the proposed
ISPGP is very similar to that of SPGP.
a Available

at http://www.kyb.tuebingen.mpg.de/bs/people/carl/code/minimize.
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(a) A result obtained by the proposed ISPGP algorithm after
two rounds, each of which we used 100 data points.

(b) A result obtained by SPGP with 200 data points.
Fig. 2.

Predictive distributions (mean and two standard deviation lines) with 10 pseudo-inputs in 1D.

In order for the quantitative comparison, we also presented a sum of the squared
di®erence and a statistical signi¯cance on the mean values and the standard deviations of the methods in Table 2. From the table, we can see that the di®erence
between two methods in terms of the mean and the standard deviation are not
statistically signi¯cant. That is, we can reject the hypothesis that the methods are
di®erent from each other beyond the 99% con¯dence level.
1250019-10
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Table 2. A quantitative comparison of the results between SPGP and
ISPGP. For the statistical signi¯cance test, the paired t-test is considered.

Sum of the squared di®erence
p-Value

Mean

Standard Deviation

0.9173
4.06e-18

2.6144
1.89e-24

5.2. Evaluation on a real data set
In this experiment, we use the KIN40Kb data set, which consists of 40,000 points, aiming
to predict the distance of a robot arm head from a target based on an eight-dimensional
input feature consisting of joint positions and twist angles. The data was generated with
maximum nonlinearity and little noise, resulting in a very di±cult regression task.18
5.2.1. Experimental settings
We randomly selected 10,000 data for training and 500 data for test from the
KIN40K data set. For incremental learning, we ¯rst divided the training data into
groups, 200 data points per group. We empirically set the number of pseudo-data
points in both SPGP and ISPGP, 20% of the total N data points. Although we may
need a larger number of pseudo-data in training from a larger number of training
data, the greater the amount of training data, the greater the redundancy contained
therein. Based on this fact, instead of a linear increase of the number of pseudo-data
points M of ISPGP
qﬃﬃﬃﬃﬃﬃﬃﬃaccording to the number of training data, we set it in a certain
N
round as M ¼ 1000
 200, where N is the total number of data points trained up to
the end of the round.
In the proposed ISPGP, the ¯rst round is the same as Snelson and Ghahramani's
SPGP batch training.15 In the following rounds, the pseudo-inputs are initialized by
randomly selected points among the combination of the incremental data and the
current pseudo-inputs derived from the previous round, and the hyperparameters are
initialized by those derived from the previous round.
We evaluate the predictive accuracy with the root-mean-square error (RMSE)
metric, which is de¯ned as follows
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
T
u1 X
RMSE ¼ t
ð13Þ
ðy  i Þ 2 ;
T i¼1 i
where T is the number of test points, and yi and i are the target and the predicted
mean of the ith test point, respectively.
5.2.2. Likelihood weighting scheme in learning
As explained in Sec. 4, we apply a likelihood weighting scheme with di®erent weights
for the likelihoods of the pseudo-data and the incremental data. The feasibility of the
b Available

at http://ida.¯rst.fraunhofer.de/anton/data.html.
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Fig. 3. Means (markers) and variances (vertical bars) of the RMSE of the proposed ISPGP with and
without a likelihood weighting factor from our 10 repeated experiments.

likelihood weighting scheme of the pseudo-data in the proposed ISPGP algorithm is
evaluated by the comparison of the performances of two weighting factors w ¼ 1 and
qﬃﬃﬃﬃﬃﬃ
w ¼ NNCI where NC and NI , respectively, denote the number of training data points
used to derive the current pseudo-data and the number of incremental data points.
The latter weighting factor re°ects the ratio of the information between the current
pseudo-data and the incremental data.
In Fig. 3, we present the means and variances of the RMSE of the proposed
ISPGP with and without a likelihood weighting factor. The results were obtained
from 10 repeated experiments, in each of which we randomly selected the training
and test data. The performances are identical for the ¯rst round because no previous
pseudo-data are used. From the second round on, the weighting scheme obviously
outperforms the other one. we should note that the weighting scheme used in this
paper is based on a simple intuition, so it may not be optimal. However, the
experimental results e®ectively proved that the weighting scheme is e®ective in
improving the regression accuracy for the KIN40K data set. Hence we use the
likelihood weighted ISPGP method in the following experiments.

5.2.3. Performance comparison
We compare the performance of GP, SPGP, and ISPGP. In order to learn the
parameters in each method a standard conjugate gradient optimization scheme
is adopted with 100 iterations. The resulting mean and variance of the RMSE
1250019-12
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Fig. 4. Comparison of the RMSE of GP, SPGP, and ISPGP for various data sizes.

according to the number of training data are shown in Fig. 4. The results were
obtained from 10 repetition, in each of which the training data was chosen in random. While the performance e±ciency is in the order of GP, SPGP, and ISPGP, the
advantage and usefulness of the proposed method is clear in the ensuing experiment
with massive training data.
Due to the favorable memory requirement of ISPGP, i.e., OðNÞ, where  ¼ N
R
and R denotes the number of rounds in ISPGP, the proposed ISPGP algorithm can
process massive amounts of training data even for the case of N ! 1, as long as the
number of batches R is large enough.
5.3. Training/prediction time and memory requirement
The regression performance depends heavily on the size of the training set. Therefore,
a good regression method should be able to handle a large amount of training data.
We compared the computational complexity and the memory requirement of the
GP, SPGP and the proposed ISPGP algorithms. Table 3 summarizes the time
Table 3. Training and prediction complexity and the memory requirement for a data set
size of N in the GP, SPGP and proposed ISPGP algorithms. Here,  ¼ N
R and R is the
number of training rounds of ISPGP.

GP
SPGP
ISPGP

Training

Mean Prediction

Variance Prediction

Memory Requirement

OðN 3 Þ

OðNÞ
OðMÞ
OðMÞ

OðN 2 Þ

OðN 2 Þ
OðMNÞ
OðMÞ

OðM 2 NÞ
OðM 2 NÞ

OðM 2 Þ
OðM 2 Þ
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complexities in terms of training, prediction and memory requirement for a data set
size of N in the GP, SPGP and ISPGP algorithms.
The conventional GP method has a computational problem for a large training
data set, due to its unfavorable complexity of OðN 3 Þ. It needs much more time than
SPGP and the proposed ISPGP algorithm with the same amount of training data,
indicating that the conventional GP method is not scalable to a large data set. The
SPGP and proposed ISPGP algorithms reduce the computation complexity to
OðM 2 NÞ. Since the number of pseudo-data points M is much smaller than N, the
computation complexity remains low.
In terms of prediction, the time complexity in SPGP and ISPGP is identical to
OðM 2 Þ under the assumption that we use the same number of pseudo-data points
while the time complexity of prediction in GP is OðN 2 Þ.
The memory requirement of GP is OðN 2 Þ, since the kernel matrix of all data points
is applied, which is not scalable to a large data set. While the memory requirement
of SPGP is OðMNÞ the proposed algorithm requires a memory size equal to OðMÞ
size of memory, where  ¼ N
R and R denotes the number of rounds in ISPGP.
6. Conclusion and Further Research
In this paper, we propose a new incremental learning method, ISPGP, which combines the idea of a sparse pseudo-input representation of GP15 with an incremental
algorithm allowing for learning from a huge training data set or an online incremental data set. The contribution of this paper is two-fold. First, we apply a pseudodata-based representation to incremental learning. The proposed ISPGP algorithm
¯rst represents the previous training data using a greatly reduced amount of pseudodata and then co-trains the pseudo-data with incremental data. Second, we also
proposed to apply a likelihood weighting scheme for the pseudo-data, which represents a large amount of real training data, thus further contributing to optimization
of the likelihood.
Experimental results on the KIN40K data set demonstrate that the prediction
performance of the proposed ISPGP algorithm is comparable to the conventional GP
method and Snelson and Ghahramani's SPGP algorithm using the same number of
training data points. Moreover, ISPGP has learned from a large size data set for
which the conventional GP and SPGP algorithms are not applicable. The proposed
ISPGP algorithm also signi¯cantly reduces the computational and memory costs of
GP regression, and is scalable to a large training data set.
The ISPGP algorithm uses only the mean information of the pseudo-target for
incremental learning. Our future work will include developing a statistical weighting
scheme for the pseudo-data in incremental learning.
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